Abstract: Due to the side-looking imaging geometry of the current synthetic aperture radar (SAR) sensors, only ground deformation along the radar's line-of-sight (LOS) and azimuth directions can be potentially obtained from a single amplitude pair (SAP) of SAR using offset tracking (OT) procedures. This significantly hinders the accurate assessment of mining-related hazards and better understanding of the mining subsidence mechanism. In this paper, we propose a method for completely retrieving three-dimensional (3-D) mining-induced displacements with OT-derived observations of LOS deformation from a single amplitude pair of SAR (referred to as OT-SAP hereinafter). The OT-SAP method first constructs two extra constraints at each pixel of the mining area based on the proportional relationship between the horizontal motion of the mining area and the gradients of the vertical subsidence in the east and north directions. The full 3-D mining-induced displacements are then solved by coupling the two constructed extra constraints with the OT-derived observations of the LOS deformation. The Daliuta coal mining area in China was selected to test the proposed OT-SAP method. The results show that the maximum 3-D displacements of this mining area were about 4.3 m, 1.1 m, and 1.3 m in the vertical, east, and north directions, respectively, from 21 November 2012 to 6 February 2013. The accuracies of the retrieved displacements in the vertical and horizontal directions are about 0.201 m and 0.214 m, respectively, which are much smaller than the mining-induced displacements in this mining area and can satisfy the basic requirements of mining deformation monitoring.
Introduction
It is crucial to measure the full three-dimensional (3-D) surface displacements caused by underground extraction, to allow for better understanding of the mechanism of mining subsidence and to accurately assess mining-related hazards (e.g., landslides and damage to surface infrastructure). The capability of interferometric synthetic aperture radar (InSAR) techniques to monitor the surface deformation associated with the Earth and/or anthropic activities has been presented in many studies (e.g., [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] ). However, due to the side-looking imaging geometry of the current synthetic aperture radar (SAR) sensors, InSAR observations are one-dimensional (1-D) along the radar's line-of-sight (LOS) direction, rather than the actual 3-D displacements in the vertical, east, and north directions. deformation and error sources (e.g., noise, mismatching of amplitude images, and ionospheric effects) [40, 41] . The general OT procedure first removes the global component using a bilinear equation [42] . Different strategies (e.g., high-pass filtering [41, 43] ) can then be applied to mitigate the error offsets in the local component. Finally, the remaining offsets are transformed into surface deformation, in accordance with the spatial resolution of the SAR images.
It should be pointed out that the accurate retrieval of surface deformation from the local offsets, to a large extent, depends on the magnitude of the surface deformation itself and the spatial resolution of the used SAR data, in addition to the search parameters of the OT procedures. Once the magnitude of the surface deformation is smaller than the achievable accuracy of the OT techniques (which is usually on the order of 1/10-1/20 of the pixel size [39] ), the erroneous offsets will dominate the local offsets and completely mask the deformation offsets. In this case, the OT techniques will fail to retrieve the surface deformation from the SAR images. In other words, large errors are contained in the OT-measured surface deformation, even though the remaining local offsets after the mitigation of the error offsets are compulsorily transformed into surface deformation.
There is a high probability that erroneous offsets along the azimuth direction will dominate the local offsets in mining areas. This is quite common for SAR data with a medium spatial resolution (i.e., from several meters to dozens of meters), such as the images acquired with the Phased Array type L-band Synthetic Aperture Radar (PALSAR)-1 and Advanced Synthetic Aperture Radar (ASAR) sensors, and the StripMap or ScanSAR modes of the TerraSAR-X, COSMO-SkyMed, and PALSAR-2 sensors. The dominant error source in the azimuth direction is mainly due to the following; mining-induced surface deformation is dominated by vertical subsidence, and the components in the east and north directions are generally much smaller than the vertical component, particularly in the central portion of a mining-induced deformation basin [32, 44] . Given that the LOS deformation is also dominated by vertical subsidence [26] , mining-related LOS deformation is usually much larger than the azimuth deformation. This causes a much higher possibility of the error offsets masking the azimuth deformation than in the LOS deformation, for SAR data with a nearly equal range and azimuth resolution. Hence, the presented OT-SAP method only applies OT-derived LOS deformation, rather than LOS and azimuth deformation together, to estimate the 3-D mining-related displacements.
Overview of the SIP Method
Due to the side-looking imaging geometry of the current SAR sensors, the deformation in the LOS d LOS direction is actually the projection of the 3-D surface displacements in the vertical W, east U E , and north U N directions, according to the following equation [26, 45] :
where θ and α are the incidence and heading angles (positive with clockwise from north) of the SAR sensor, respectively. The horizontal motions caused by underground extraction are approximately proportional to the gradients of the vertical subsidence in the corresponding direction [32, 46] . This can offer extra constraints to stabilize the under-conditioned system for solving 3-D surface displacements from a single InSAR-derived observation of LOS deformation. For a surface point (i, j) affected by underground extraction, its 2-D horizontal motions in the east U E (i, j) and north directions U N (i, j) can be approximately expressed as follows, in accordance with the proportional relationship [31] :
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Substituting Equation (2) into Equation (1), we obtain:
with
Mining-related deformation is dominated by the vertical component, and the pixels in the last row and column of a region of interest (ROI) (e.g., the mining area in this study) are generally beyond the mining-related deformation basin. Thus, we can safely assume that the horizontal displacements of these pixels in the last row and column of the ROI are all zeros, i.e., d LOS (i, j) = cos θ · W(i, j) (i = n or j = m) [31] , where n and m are the size of the ROI. Thus, the observation system between the LOS deformation d LOSk and the vertical subsidence W k (k = 1, 2, · · · , n) of the ROI can be constructed in a matrix notation based on Equation (3), i.e.,
. . .
Since the coefficient matrix of the observation system in Equation (4) is an upper triangular matrix, a back-substitution procedure is utilized to solve the vertical subsidence in the SIP method [31] , i.e.,
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Having solved for the vertical subsidence W k (k = 1, 2, · · · , n), the 2-D horizontal motions in the east U Ek and north directions U Nk can be estimated with Equation (2), i.e.,
Procedure of the OT-SAP Method
The OT-SAP method is based on the core idea of the previous SIP method, and thus its rationale and procedure for retrieving 3-D mining-related displacements from a single SAR amplitude image pair are nearly the same as the SIP method. There are two major differences between the methods. Firstly, the observations of large LOS deformation are measured with the OT technique in the OT-SAP method, instead of the InSAR technique in the SIP method. Secondly, OT-SAP applies a truncated singular value decomposition (SVD) algorithm [47] , rather than the inverse operation in the SIP method, to estimate the pseudoinverse matrix (B k ) + of the coefficient matrix
to accurately solve for the vertical subsidence. That is, (
, where U and V are two unitary matrices, and Σ is a rectangular diagonal matrix. We then truncate those singular values (i.e., the diagonal elements of Σ) that are less than a given threshold (i.e., 0.01 in this study).
Solving the vertical subsidence with the SVD-estimated pseudoinverse matrix (B k ) + , instead of the inverse matrix (B k ) −1 in the SIP method, can bring some benefits. First of all, the elements of matrix B k depend on some of the geomining parameters of the mining area and the geometric parameters of the deformation maps (i.e., b, β, H, R E , R N , θ, and α). These parameters are fixed in each pixel of the ROI in the mining area, once the SAR images are selected and the processing parameters of the OT procedure are set. This implies that the coefficient matrix B k is likely to be ill-conditioned, in some cases. Unfortunately, it can be expected that large errors will be contained in the estimates of the 3-D surface displacements, if the inverse matrix of the ill-conditioned coefficient matrix B k is applied to estimate the 3-D surface displacements. However, for a well-conditioned matrix B k , the pseudoinverse matrix (B k ) + is nearly equivalent to the inverse matrix (B k ) −1 , and the 3-D displacements solved with (B k ) + and (B k ) −1 should also be equivalent. Conversely, using the pseudoinverse matrix (B k ) + performs much better than the unconditional inverse operation (B k ) −1 in solving for the 3-D displacements for the ill-conditioned matrix B k [47] . It should be pointed out that the implementation of the OT-SAP and SIP methods requires some of the geomining parameters of the mining area, i.e., the horizontal motion constant b, the major influence angle of the mining β, and the mining depth H. This, to some extent, limits the practical application of the OT-SAP and SIP methods, as these three parameters, especially the mining depth H, are often unknown.
Study Area and SAR Data
The Shendong coalfield (marked by the red line in the left panel of Figure 1 ), which is one of the largest coalfields in the world, is located at the border of the Shaanxi province and the Inner Mongolia Autonomous Region in China. This coalfield is surrounded by the Hubuqi and Mu Us deserts (see the blue dashed lines in Figure 1 ) and it has a semi-arid climate with an average annual precipitation of about 400 mm. As a consequence, water resources are rather scarce in this region. Additionally, most of the underground mining activities in this coalfield have taken place at shallow depths (less than 300 m mining depth) in thick (several or dozens of meters) coal seams, resulting in large deformations in the overlying rock strata and at the surface. This has given rise to some severe natural hazards and environmental problems. For example, the deformation in the overlying rock strata has damaged underground water aquifers, causing considerable water loss and ecological aggravation [48, 49] . Moreover, ground deformation has damaged surface infrastructure and triggered landslides in this region, leading to economic loss and threatening human lives. Thus, it is crucial to retrieve the 3-D mining-related displacements, in order to accurately assess and effectively control the mining-related environmental problems and hazards in this coalfield.
Due to the large magnitude and relatively steep gradients of the surface deformation in this coalfield, the traditional InSAR techniques would often fail, especially in the central portion of the subsidence basin. The SAR amplitude OT technique is an alternative to the general InSAR technique. In 2013, Zhao et al. [50] applied the OT procedure to generate the cumulative LOS deformation in the Bulianta and Shangwan coal mining areas of the Shendong coalfield from PALSAR-1 images. Following this, Chen et al. [51] and Fan et al. [52] both combined the OT procedure and the small baseline subset (SBAS)-InSAR procedure to retrieve the time-series LOS deformation in the Daliuta coal mining area (marked by the purple circle in Figure 1 ) of the Shendong coalfield from high resolution TerraSAR-X data. However, only 1-D surface LOS deformation, rather than the full 3-D displacement, was detected in these studies, which significantly hampers the accurate assessment of the mining-induced hazards and mining-related damage to infrastructure [33] . In this study, we selected the Daliuta coal mining area to test the proposed OT-SAP method.
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Due to the large magnitude and relatively steep gradients of the surface deformation in this coalfield, the traditional InSAR techniques would often fail, especially in the central portion of the subsidence basin. The SAR amplitude OT technique is an alternative to the general InSAR technique. In 2013, Zhao et al. [50] applied the OT procedure to generate the cumulative LOS deformation in the Bulianta and Shangwan coal mining areas of the Shendong coalfield from PALSAR-1 images. Following this, Chen et al. [51] and Fan et al. [52] both combined the OT procedure and the small baseline subset (SBAS)-InSAR procedure to retrieve the time-series LOS deformation in the Daliuta coal mining area (marked by the purple circle in Figure 1 ) of the Shendong coalfield from high resolution TerraSAR-X data. However, only 1-D surface LOS deformation, rather than the full 3-D displacement, was detected in these studies, which significantly hampers the accurate assessment of the mining-induced hazards and mining-related damage to infrastructure [33] . In this study, we selected the Daliuta coal mining area to test the proposed OT-SAP method. Table 1 ), to test the reliability of the OT-SAP method. Since the OT technique is based on SAR amplitude information, temporal variations in the SAR amplitude Table 1 ), to test the reliability of the OT-SAP method. Since the OT technique is based on SAR amplitude information, temporal variations in the SAR amplitude images (e.g., resulting from changes of near-surface moisture, surface cover, and other environmental factors) decrease the accuracy of the OT-derived deformation. In this study, these three TerraSAR-X images were acquired in the winter of 2012 and the spring of 2013, respectively, and it was sunny in the weeks before the acquisition times of the three SAR images. This, to some extent, reduces the temporal changes of the SAR amplitude images. In addition, the perpendicular and parallel baselines of these three SAR amplitude image pairs vary from −11.7 m to −79.2 m (see Table 1 ), decreasing the offset components associated with the topography [53] . 
Results

LOS Deformation Measurements
The OT package of the GAMMA software [54] was used to derive the LOS deformation maps from the three generated SAR amplitude image pairs. We set the search window size and search step of the OT procedure as 140-by-140 pixels and 2-by-3 pixels in the range and azimuth directions, respectively. In addition, an over-sampling factor of 2 and a signal-to-noise ratio (SNR) threshold of 4.0 were designated. Figure 2 depicts the OT-derived LOS deformation map from SAR amplitude image pair No. 3 (i.e., 20121121-20130402, see Table 1 ). About 0.5% of the total offsets are rejected (see the null values within the image in Figure 2 ) by setting the SNR threshold to 4.0.
As can be seen, two obvious deformation basins caused by the underground mining occurred in Areas #1 and #2 (marked by the purple solid and blue dashed rectangles, respectively) of the Daliuta coal mining area from 21 November 2012 to 2 April 2013. Theoretically, the 3-D surface displacements in Areas #1 and #2 can both be potentially retrieved from the OT-derived LOS deformation observations using the proposed OT-SAP method. However, the absence of the underground geomining parameters in Area #2 hinders the retrieval of the 3-D mining-induced displacements. Consequently, we only set Area #1 as the ROI to test the OT-SAP method.
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images (e.g., resulting from changes of near-surface moisture, surface cover, and other environmental factors) decrease the accuracy of the OT-derived deformation. In this study, these three TerraSAR-X images were acquired in the winter of 2012 and the spring of 2013, respectively, and it was sunny in the weeks before the acquisition times of the three SAR images. This, to some extent, reduces the temporal changes of the SAR amplitude images. In addition, the perpendicular and parallel baselines of these three SAR amplitude image pairs vary from −11.7 m to −79.2 m (see Table 1 ), decreasing the offset components associated with the topography [53] . 
Results
LOS Deformation Measurements
As can be seen, two obvious deformation basins caused by the underground mining occurred in Areas #1 and #2 (marked by the purple solid and blue dashed rectangles, respectively) of the Daliuta coal mining area from 21 November 2012 to 2 April 2013. Theoretically, the 3-D surface displacements in Areas #1 and #2 can both be potentially retrieved from the OT-derived LOS deformation observations using the proposed OT-SAP method. However, the absence of the underground geomining parameters in Area #2 hinders the retrieval of the 3-D mining-induced displacements. Consequently, we only set Area #1 as the ROI to test the OT-SAP method. Prior to estimating the 3-D surface displacements in Area #1, the LOS deformation over those pixels with SNR values smaller than 4.0 was interpolated by the inverse distance weighting (IDW) Prior to estimating the 3-D surface displacements in Area #1, the LOS deformation over those pixels with SNR values smaller than 4.0 was interpolated by the inverse distance weighting (IDW) algorithm. The interpolated LOS deformation maps of Area #1 derived from the amplitude image pairs Nos. 1-3 (see Table 1 ) are shown in Figure 3a- algorithm. The interpolated LOS deformation maps of Area #1 derived from the amplitude image pairs Nos. 1-3 (see Table 1 ) are shown in Figure 3a -c, respectively. 
Estimates of 3-D Surface Displacements
Vertical Subsidence
A nearly horizontal (mean dip angle of about 2°) working panel (see the white lines in Figure 3c ) was operated at a mining depth of about 235 m (i.e., Having obtained these parameters and the measurements of the LOS deformation of the ROI, the observation system for solving the vertical subsidence can be constructed based on Equation (4). In the established observation system, the condition number of matrix k B is about . This means that matrix k B is singular, which can be expected to result in wrongly estimated 3-D displacements or the failure to obtain a displacement solution when the standard inverse operation of the SIP method is applied. Therefore, truncated SVD was applied to solve for the vertical subsidence of the ROI in this study, based on the established observation system (see Section 2.2.3). Figure 4a -c show the solved vertical subsidence of the ROI from the three generated SAR amplitude image pairs, respectively. As can be seen, the maximum vertical subsidence caused by the underground extraction in this mining area reached 4.31 m from 21 November 2012 to 2 April 2013.
Horizontal Motions in the East and North Directions
Having solved the vertical subsidence in Area #1, the 2-D horizontal motions in the north and east directions were estimated based on Equation (6) . The results are shown in Figure 4d -i, respectively. As can be seen, the maximum horizontal motions in the east and north directions were over 1.5 m and 2 m, respectively. However, abnormally high horizontal motions were estimated in the area with a known ground fissure (marked by the red ellipse in Figure 4c ) [55] . Due to the errors in the LOS deformation observations and the unreliability of the processing scheme in treating ground fissures, it is believed that large errors are likely to be contained in the estimated 3-D displacements in the area marked by the red ellipse in Figure 4c . We clarify this issue in Section 5. If we reject these unreliable horizontal displacements, the maximum deformation in the east and north directions reached about 1.1 m and 1.3 m, respectively. Having obtained these parameters and the measurements of the LOS deformation of the ROI, the observation system for solving the vertical subsidence can be constructed based on Equation (4). In the established observation system, the condition number of matrix B k is about 5.37 × 10 88 . This means that matrix B k is singular, which can be expected to result in wrongly estimated 3-D displacements or the failure to obtain a displacement solution when the standard inverse operation of the SIP method is applied. Therefore, truncated SVD was applied to solve for the vertical subsidence of the ROI in this study, based on the established observation system (see Section 2.3). Figure 4a -c show the solved vertical subsidence of the ROI from the three generated SAR amplitude image pairs, respectively. As can be seen, the maximum vertical subsidence caused by the underground extraction in this mining area reached 4.31 m from 21 November 2012 to 2 April 2013.
Having solved the vertical subsidence in Area #1, the 2-D horizontal motions in the north and east directions were estimated based on Equation (6) . The results are shown in Figure 4d -i, respectively. As can be seen, the maximum horizontal motions in the east and north directions were over 1.5 m and 2 m, respectively. However, abnormally high horizontal motions were estimated in the area with a known ground fissure (marked by the red ellipse in Figure 4c ) [55] . Due to the errors in the LOS deformation observations and the unreliability of the processing scheme in treating ground fissures, it is believed that large errors are likely to be contained in the estimated 3-D displacements in the area marked by the red ellipse in Figure 4c . We clarify this issue in Section 5. If we reject these unreliable 
Accuracy Evaluation
The in-situ GPS measurements of the mining-induced vertical subsidence and horizontal motions at 26 surface observation points (see the black circles in Figure 4 ) from 21 November 2012 to 1 April 2013 were presented by Liu [55] and Zhao [56] . In these measurements, the observations of the horizontal motions were generated by synthesizing the 2-D horizontal motions in the east and north directions. This allows us to quantitatively evaluate the accuracies of the estimated 3-D displacements, because the in-situ GPS measurements are nearly synchronous with the estimated ones (by less than one day). To this end, we first gathered the 3-D displacements derived from the SAR amplitude image pairs No. 1 (i.e., 20121221-20130206, see Figure 4a ,d,g) and 2 (i.e., 20130206-20130402, see Figure 4b ,e,h). (For the sake of simplicity, we refer to the generated 3-D displacements as the accumulated 3-D displacements hereafter.) We then synthesized the accumulated 2-D horizontal motions in the east and north directions. Finally, we compared the accumulated vertical subsidence and horizontal motions with the in-situ GPS measurements. The results are plotted in Figure 55 . Similarly, the 3-D horizontal motions directly retrieved from SAR amplitude image pair No. 3 (i.e., 20121221-20130402, see Figure 4c ,f,i) (called directly retrieved 3-D displacements hereafter) were also compared with the in-situ GPS measurements. The results are also plotted in Figure 5 , to allow for a comparison. 
The in-situ GPS measurements of the mining-induced vertical subsidence and horizontal motions at 26 surface observation points (see the black circles in Figure 4 ) from 21 November 2012 to 1 April 2013 were presented by Liu [55] and Zhao [56] . In these measurements, the observations of the horizontal motions were generated by synthesizing the 2-D horizontal motions in the east and north directions. This allows us to quantitatively evaluate the accuracies of the estimated 3-D displacements, because the in-situ GPS measurements are nearly synchronous with the estimated ones (by less than one day). To this end, we first gathered the 3-D displacements derived from the SAR amplitude image pairs No. 1 (i.e., 20121221-20130206, see Figure 4a ,d,g) and 2 (i.e., 20130206-20130402, see Figure 4b ,e,h). (For the sake of simplicity, we refer to the generated 3-D displacements as the accumulated 3-D displacements hereafter.) We then synthesized the accumulated 2-D horizontal motions in the east and north directions. Finally, we compared the accumulated vertical subsidence and horizontal motions with the in-situ GPS measurements. The results are plotted in Figure 5 . Similarly, the 3-D horizontal motions directly retrieved from SAR amplitude image pair No. 3 (i.e., 20121221-20130402, see Figure 4c ,f,i) (called directly retrieved 3-D displacements hereafter) were also compared with the in-situ GPS measurements. The results are also plotted in Figure 5 , to allow for a comparison. As can be seen, the accumulated (cyan diamonds) and the directly retrieved (blue line) vertical subsidence are roughly consistent with the in-situ measured values (red circles), with a mean root-mean-square error (RMSE) of about 0.227 m. In addition, the accumulated and the directly retrieved horizontal motions are also in approximate agreement with the in-situ GPS measurements, except for the three observation points marked by the yellow shaded box in Figure  5b . The mean RMSE of the estimated horizontal motions over all of the observation points is approximately 0.415 m.
It can also be seen in Figure 4 that the three observation points with large discrepancies (over 1.5 m) are all located in the area where a significant ground fissure is found (see the black line in Figure 4c ). As stated previously, two factors may have caused these large discrepancies at these three observation points. Firstly, the errors of the OT-derived LOS deformation observations caused by the error sources of the OT procedure and/or the interpolation operation of the LOS deformation will propagate to the estimated 3-D displacements. Secondly, ground fissures can lead to unreliability of the proportional relationship (i.e., Equation (2)) [31, 57] , causing large errors in the estimated 3-D displacements. We clarify the influences of these two factors on the estimated 3-D displacements in Section 5. If we do not take these three observation points marked by the yellow box in Figure 5 into account, the RMSEs of the estimated displacements in the vertical and horizontal directions are about 0.201 m and 0.214 m, respectively.
We also estimated the 3-D displacements from the three SAR amplitude image pairs using the matrix inversion of the previous SIP method (see Section 2.1), in order to demonstrate the improvement achieved by SVD for the ill-conditioned coefficient matrices. The comparison with the in-situ GPS measurements shows that the RMSEs of the 3-D displacements estimated by the matrix inversion are about 1.5 × 10 94 m and 3.3 × 10 95 m in the horizontal and vertical directions, respectively. These values are much larger than the accuracies estimated by SVD in OT-SAP (about As can be seen, the accumulated (cyan diamonds) and the directly retrieved (blue line) vertical subsidence are roughly consistent with the in-situ measured values (red circles), with a mean root-mean-square error (RMSE) of about 0.227 m. In addition, the accumulated and the directly retrieved horizontal motions are also in approximate agreement with the in-situ GPS measurements, except for the three observation points marked by the yellow shaded box in Figure 5b . The mean RMSE of the estimated horizontal motions over all of the observation points is approximately 0.415 m.
We also estimated the 3-D displacements from the three SAR amplitude image pairs using the matrix inversion of the previous SIP method (see Section 2.1), in order to demonstrate the improvement achieved by SVD for the ill-conditioned coefficient matrices. The comparison with the in-situ GPS measurements shows that the RMSEs of the 3-D displacements estimated by the matrix inversion are about 1.5 × 10 94 m and 3.3 × 10 95 m in the horizontal and vertical directions, respectively. These values are much larger than the accuracies estimated by SVD in OT-SAP (about 0.201 m and 0.214 m, respectively). These results indicate that SVD performs much better than matrix inversion for ill-conditioned coefficient matrices.
Error Analysis of the OT-SAP Method
The core idea behind the proposed OT-SAP method is constructing two extra constraints with the proportional relationship, thereby stabilizing the under-conditioned system for fully solving for the 3-D displacements from the OT-derived 1-D LOS deformation. Theoretically, the accuracies of the 3-D displacements estimated by the OT-SAP method primarily depend on two factors, i.e., the accuracy of the OT-derived LOS deformation observations and the reliability (or model error) of the proportional relationship. In this section, we analyze the effects of these two factors on the estimated 3-D displacements.
Error Influence of the LOS Deformation Observations
Theoretical Error Propagation
Assuming that the OT-derived observations of the LOS deformation are mutually independent, then the errors of the estimated 3-D displacements due to the inaccuracies in the LOS deformation observations can be theoretically deduced in accordance with the principle of error propagation, i.e.,
where
, and D(U Nk ) are the variances of the LOS deformation measurements and the estimated 3-D displacements at the kth row of the ROI (k = n − 1, n − 2, · · · , 1).
Simulation-Based Impact Analysis
A simulated experiment was carried out to intuitively demonstrate the error propagation of the OT-derived LOS deformation to the estimated 3-D displacements. To this end, we first simulated the error of the OT-derived LOS deformation based on its corresponding SNR value. According to Bamler and Eineder [58] , the theoretical standard deviation (STD) of the offset measurements derived by the coherent cross-correlation methods is given by:
where N is the number of pixels within the search window, and γ is the coherence value. The OT package of the GAMMA software provides SNR values as indicators of the estimated offset measurements. Actually, the relationship between the GAMMA-provided SNR value and the coherence is not straightforward [59] . However, we can simply scale the SNR to coherence, as done by Raucoules, de Michele, Malet, and Ulrich [59] , because we just focus on the error propagation of the LOS deformation to the estimated 3-D displacements in this section, instead of the error magnitude of the LOS deformation. Taking the SNR map of the SAR amplitude image pair No. 1 (i.e., 20121221-20130206) as the SNR source, we found that the mean STD of the OT-derived LOS deformation calculated with Equation (9) is only about 8.69 × 10 −5 , which is much smaller than the accuracy generally admitted for the OT technique (which is in the order of 1/10th to 1/30th of a pixel). Therefore, we assumed that the mean accuracy of the OT-derived LOS deformation was 0.1 m (about 1/10th of a pixel of the used SAR data in this study). Afterwards, amplifying the calculated STDs based on Equation (9) by 1150 times (i.e., 0.1/8.69 × 10 −5 ), we obtained the simulated variance map of the OT-derived LOS deformation observations (see Figure 5a) .
We designated the parameters in Equations (7) and (8) to be the same as the corresponding ones in the real data experiment (see Section 4.2), and thus the errors of the 3-D displacements retrieved by the OT-SAP method due to the simulated errors of the OT-derived LOS deformation were estimated based on Equations (7) and (8), and the results are shown in Figure 6b -d. To further check the error propagation, we selected profiles BB' and CC' (solid and dashed white lines in Figure 6a ) and further compared the STDs for the OT-derived LOS deformation and the estimated 3-D displacements along these two profiles (see Figure 6e ,f). Figure 6 shows that the errors of the OT-derived LOS deformation are linearly propagated into the estimated 3-D displacement. These errors are significantly reduced when propagated to the vertical subsidence, whereas they are drastically magnified when propagated to the horizontal displacements in the north and east directions for the real data experiment. Taking the pixels in the area marked by the red ellipse in Figure 6 as an example, we can see that the maximum error of 0.523 m in the OT-derived LOS deformation gives rise to maximum inaccuracies of nearly 0.142 m (0.27 times), 0.856 m (around 1.6 times), and 1.355 m (about 2.6 times) in the estimated 3-D displacements in the vertical, east, and north directions, respectively. This is one of the factors causing the large discrepancies of the estimated 3-D displacements in the area marked by the red ellipses (see Figure 5 ). Methods to reduce the errors in the 3-D displacements estimated by the OT-SAP method due to the inaccuracy of the LOS deformation measurements will be one of our future research topics.
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Taking the SNR map of the SAR amplitude image pair No. 1 (i.e., 20121221-20130206) as the SNR source, we found that the mean STD of the OT-derived LOS deformation calculated with Equation (9) is only about 8.69 × 10 −5 , which is much smaller than the accuracy generally admitted for the OT technique (which is in the order of 1/10th to 1/30th of a pixel). Therefore, we assumed that the mean accuracy of the OT-derived LOS deformation was 0.1 m (about 1/10th of a pixel of the used SAR data in this study). Afterwards, amplifying the calculated STDs based on Equation (9) by 1150 times (i.e., 0.1/8.69 × 10 −5 ), we obtained the simulated variance map of the OT-derived LOS deformation observations (see Figure 56a) .
We designated the parameters in Equations (7) and (8) to be the same as the corresponding ones in the real data experiment (see Section 4.2), and thus the errors of the 3-D displacements retrieved by the OT-SAP method due to the simulated errors of the OT-derived LOS deformation were estimated based on Equations (7) and (8), and the results are shown in Figure 6b -d. To further check the error propagation, we selected profiles BB' and CC' (solid and dashed white lines in Figure 6a ) and further compared the STDs for the OT-derived LOS deformation and the estimated 3-D displacements along these two profiles (see Figure 6e,f) . Figure 6 shows that the errors of the OT-derived LOS deformation are linearly propagated into the estimated 3-D displacement. These errors are significantly reduced when propagated to the vertical subsidence, whereas they are drastically magnified when propagated to the horizontal displacements in the north and east directions for the real data experiment. Taking the pixels in the area marked by the red ellipse in Figure 6 as an example, we can see that the maximum error of 0.523 m in the OT-derived LOS deformation gives rise to maximum inaccuracies of nearly 0.142 m (0.27 times), 0.856 m (around 1.6 times), and 1.355 m (about 2.6 times) in the estimated 3-D displacements in the vertical, east, and north directions, respectively. This is one of the factors causing the large discrepancies of the estimated 3-D displacements in the area marked by the red ellipses (see Figure 5 ). Methods to reduce the errors in the 3-D displacements estimated by the OT-SAP method due to the inaccuracy of the LOS deformation measurements will be one of our future research topics. 
Error Amplification and Limitation of the
Error Amplification and Limitation of the Proportional Relationship
Theoretical Analysis
We let δU E (i, j) and δU N (i, j) be the errors over a surface point (i, j) caused by the unreliability of the proportional relationship, and thus the 2-D horizontal motions in the east U E (i, j) and north directions U N (i, j) can be expressed as:
Substituting Equation (10) into Equation (1), we obtain:
Equation (11) suggests that the errors of the expressed 2-D horizontal motions (i.e., δU E and δU N ) are first propagated to the error term of δU Azi by Equation (12) . The error term δU Azi is then further propagated to the estimated 3-D displacements based on Equations (7) and (8).
Influence of Ground Fissures
The proportional relationship between the mining-induced horizontal motion and the gradients of the vertical subsidence (i.e., Equation (2)) is deduced from the stochastic medium model [31, 57] . An essential assumption behind the stochastic medium model is that surface subsidence is continuous, i.e., no large ground fissures occur. Otherwise, the proportional relationship will be unreliable over those pixels with ground fissures. Therefore, ground fissures are an important factor causing the unreliability of the proportional relationship.
To intuitively demonstrate the errors in the estimated 3-D displacements due to ground fissures, a simulated experiment was carried out. We assumed that a mining-induced ground fissure occurred along profile DD', resulting in inaccuracies of 2 m in both the expressed 2-D horizontal motions over those ground points along fissure DD'. Subsequently, we designated the parameters in Equations (11) and (12) to be the same as those used in the real data experiment (see Section 4.2), and thus the error term of δU Azi could be estimated with Equation (11) (see Figure 7a) . Finally, the errors in the estimated 3-D displacements arising from the assumed ground fissure were estimated based on Equations (7) and (8) . The results are depicted in Figure 7b -d.
As can be seen from Figure 7 , the inaccuracies of about 2 m of the 2-D horizontal motions in the east δU E and north directions δU N along profile DD' first result in an error of about 1.554 m in the error term δU Azi . The errors of δU Azi are then dramatically reduced to the solved vertical subsidence (whose maximum error is about 0.176 m), but sharply magnified to the estimated 2-D horizontal motions in the east and north directions (whose maximum error is around 1.834 m and 2.792 m, respectively). This indicates that the mining-related ground fissures can trigger large errors in the estimated 3-D displacements. Therefore, in addition to the errors of the LOS deformation observations, ground fissures may be another factor causing the large discrepancies over the three observation points marked by the yellow box in Figure 5 . How to reduce the adverse influence of mining-related ground fissures will be addressed in our future research.
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Conclusions
This paper has presented a method for fully retrieving 3-D mining-induced displacements from a single SAR amplitude image pair. The real data experiment based on the Daliuta coal mining area in China showed that the maximum 3-D mining-induced displacements were about 4. 
This paper has presented a method for fully retrieving 3-D mining-induced displacements from a single SAR amplitude image pair. The real data experiment based on the Daliuta coal mining area in China showed that the maximum 3-D mining-induced displacements were about 4.3 m, 1.1 m, and 1.3 m in the vertical, east, and north directions, respectively, from 21 November 2012 to 4 February 2013. Additionally, the comparison between the in-situ GPS measurements and the estimated 3-D displacements demonstrated that the accuracies of the estimated displacements in the vertical and horizontal directions were about 0.201 m and 0.214 m, respectively. With regards to the magnitude of the deformation, such an accuracy level should satisfy the general requirement of mining-induced 3-D displacement monitoring. The OT-SAP method reduces the strict requirements on SAR data of the traditional OT-based techniques for 3-D displacement retrieval, significantly extending the application scope of SAR in mining areas. Furthermore, the OT-SAP method is based on SAR amplitude information and has a lower sensitivity to phase noise than the SIP method. As a result, it can be used to retrieve 3-D large mining-induced displacements that cannot be obtained by the SIP method. Therefore, we believe that the OT-SAP method will be a promising technique for retrieving 3-D mining-induced displacements and assessing mining-related hazards (e.g., landslides and structural damage).
However, the theoretical and experimental analyses showed that errors in the LOS deformation observations significantly affect the estimated 3-D displacements, especially in the 2-D horizontal motions. Given the fact that the accuracy of the OT-derived LOS deformation is often much worse than the InSAR-derived deformation for coherent areas, the SIP method is recommended for mining areas with good coherence. In contrast, if large deformation is found in the mining area, where intensive phase decorrelation occurs as a result, and the OT-SAP method will be more suitable. Additionally, ground fissures can give rise to large errors in the estimated 3-D displacements over those points along the ground fissures. Therefore, special attention should be paid to mining-related ground fissures, and finding an effective solution to this problem will be one of our future research topics.
Admittedly, there are now a few modes of space-borne SAR satellites (e.g., the SpotLight mode of TerraSAR-X and the SpotLight-2 mode of COSMO-SkyMed) that enable us to acquire SAR images with a spatial resolution of better than 1 m. Such a high resolution will contribute to accurately retrieving mining-related surface deformation in both the LOS and azimuth directions. Theoretically, the use of both LOS and azimuth deformations (if they can be accurately retrieved) will improve the accuracy of 3-D mining-related displacement estimation, because more observations will be available than using the LOS deformation alone, as in the presented OT-SAP method. We will test and validate this idea in our future research.
